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The problem of stationary thermoelasticity for a
piecewise homogeneous transversely isotropic space
under the influence of a heat flux specified at infinity

is considered
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Abstract. An exact solution to the problem of thermoelasticity about interfacial circular
inclusion, which is in complete adhesion with different transversely isotropic half-spaces, is
constructed. Analytical dependencies are obtained between the parameters of the linear
displacement of the inclusion and the characteristics of the force and temperature fields. The
order of the singularity of surges and displacements near the inclusion is determined. Expressions
are obtained for the stress intensity factor at the inclusion boundary, as well as the numerical
dependences of these coefficients on the polar angle, temperature, and load.

1. Statement of the problem and its reduction to a system of two-dimensional
singular integral equations (SIE)

The problem of stationary thermoelasticity for a piecewise homogeneous transversely isotropic
space under the influence of a heat flux qo(x1,z2,x3) specified at infinity is considered In
x3 = 0 plane of connecting two transversely isotropic spaces contained absolutely rigid thermally
insulated inclusion is contained which occupies the region Q: {0 < r < a,0 < ¢ < 27}. The
inclusion of an arbitrary applied load, which leads to the resultant force P = (Py, P», P3) and
the main moment M = (Mj, Ma, M3). The location of the face of inclusion after deformation
describe the function

GG = +9E(x,2), GE=¢), k=45 (21,22) €,

0 0 0 (1)
4 =01 — 373, (5 =202+ @311, (5 =03+ pawa+ p172,

where
{GEY_, = {o3(21, 22, £0), 04 (21, 79, £0), 05 (21, 22, 10),
u1 (21, 22, £0), ua(21, 72, £0), uz (w1, 22, £0), T'(21, 72, £0), Q(71, 72, £0)},
o= {ak}gzl ={04,0y,02, Tyzy Tuzy Tay}, U= {uk}zzl = {u,v,w},
Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY

of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.
Published under licence by IOP Publishing Ltd 1



VI International conference "Topical Problems of Continuum Mechanics" IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1474 (2020) 012025  doi:10.1088/1742-6596/1474/1/012025

ﬂ(j][(xl,xg) is setting the form of inclusion, respectively, when z3 = 40, d, pr, £k = 1,2,3
are translational movements and turning angles around the corresponding axes, T'(x1, x2, x3) is
temperature, Q(z1, 2, r3) is heat flow.

The case is considered when the heat flux is set on the inclusion, and the inclusion is fully
coupled to half-spaces, in this case the boundary conditions have the form [1,2]:

Xit(xlng) = (1i1)@(1)7 X?($1,$2) = (1:|:1)CE[))7

_ (2)
X& (w1, 29) = 9% (21, 2) + (1 £ 1)¢, 9% =95 £95,  (x1,22) € Q,
(5 (21,2, £0) = q(z1, 22), (21, 72) € . (3)
Given the conditions
X];(xlaxQ) = 07 k= 1/7\67 (xlaxQ) ¢ Qa (4)

A OoCr(m1, 22, +0) = A3 Doz (21, 2, —0),  (7(21, 72, +0) = (7(21, 32, —0),

that reflect the fact of the full adhesion of half-spaces outside the inclusion, and using
the technique described in [1-9], regarding unknown jumps and temperature surges x, (z,y)
(k=1,2,3,7),

Xf = (Xk(21,22))F = Gol@1, 22, +0) £ (21, 22, -0),  (z1,72) € Q, (5)

the following system of two-dimensional SIE is obtained:

// {Q31X1 _25 + g32X2 32 o & + X3 [Q32<91x1 & + @21829627,_0 52] } d&y dSa = g1,
G
// {qglxl 2l [quaQ L. o™ ’51] s 2 } dé, déy = g,
o
// {Q41X1—Q42 [Xg _252 X3 1_251]}d§1d§2:93,
o To
g66Xs (T1,T2) — 165 // x7 (&1, 52 d§1 dé = xa
(6)
where
435
o1(21,22) = xF (@1, 22) // 5 O da — 22 // S ag, dey,

dfl d§a,

ga(a1, ) = 3 +QS“// xﬁazd&d@—%//

s
g3(z1,22) = x¢ (21, 22) — quaxg (71, 72) // X7 *dfl d&o,

ro = \/(x1_§1)2+(1'2—€2)2 815%7 62587:‘/

The quantities 0, ¢, k = 1,2,3 are determined from the following equilibrium equations

// Xy, (x1,22) dv1drs = Py, k=1,2,3,
. (7)

_ M B -
// <§1) Xy (21, 22) doy dag = <M1), // (21X (21, 22) — 22X (21, 22)] dxy dwg = Ms,
Q 2 2 Q
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System (6) relatively new unknowns: 7+ = Xgi + ix2i, ut = Xff + ixg, X, easily reduces to the
following two-dimensional system SIE:

+ —
@1 Kolx7 ]+ qﬁK[Tf] + %DKWF] =u" + qaDK[xg ] — ¢35Ko[x7 ],

+ p—
o Gaym e _ _
g Kol ]+ B2 K[ + %DKWT ] =u" +quDK[xg] — a3sKolx7],

2

quK D]+ B2 Kol ]+ Kol7 )l = X — quaxg — K7,

g65
- gDDK[Xﬂ = X3 (37731),

where

L x(T) X;
K[Xj]:%// = dtdr, Kolx; 1= 27r// J dth,

D=0, +i0y, U= (x—t)+z(y ),

2. Two-dimensional system solution SIE
We obtain the exact solution to system (8) using the approach described in [3-7]. For
definiteness, we will assume that the heat flux in the region €2 changes linearly:

q(z,y) = qo(boo + bioz + bory). 9)

Considering that the inclusion occupies a circular area, move on to the thermoelastic
characteristics of space in cylindrical coordinates (p, ¢, z), and denote the jumps and sums
when passing through the plane z = 0 so

{07 (0, 0)}® = {(0:2)7 (o)™ (7o) ™, ()™, ()™, (w), (T)F, ()} (10)

+ + _

We introduce combinations of displacements and stresses: u* = ﬁt + i775 , T = 173 + if)ét,
then given the ratios: u™(pcos @, psin ) = @ (p, p)e™?, 7% (pcos @, psin p) = 7 (p, ¢)e’?, move
on to new unknown functions:

vy (r,¢) = X1 (pcos g, psinp), ’U;: = €_wTi(p cos p, psin p),

i . i i . (11)
v3(r, @) = e "Pu" (pcosp, psiny), vy (r,p) = x7 (pcosp, psinyp).

Recent sought in the form (5 = 2,3,5)

- j i j,— — 1 o —in
> VIR Vi) = b)) = 5 [ o e P de (12

n=—oo

We pass to the polar coordinates in system (8) and apply the finite Fourier transform. Then,
given the formulas [2]

o

! k(<) / =
= (& J t J t ” dt,
\/P2—2PP* cos(p — <) + p? nz_:oo 0 k(tp) Jk(tps)

T emiem do 9]
/_ﬂp—p*eii‘p EWot1m(0:04)s - Win(p, p4) :/o Jr(pt) Jn(pst) dt,
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representation (12), and the convolution theorem, after simple transformations, we obtain

with respect to Vggi(p) the following system of integral equations with Weber-Sonin kernels
(n=0,£1,£2,...,0< p<a)

2051 Wit 10 [V 7] — @32 Wt 11 [VE ] + G Wit 10— 1[VZ0] = 2Q1,,

- 2Q31Wn71,n [VL_] - q32Wn 1,n— I[V ] + Q32Wn 1 n+1[V ] = 2Q2n7 (13)
2911 Wh, n[Vl’f] — @oWannt1 V2] + @2Wane 1[V20] = 2Q3,,
Wn+1 n+1[ ] Q4n( ) (14)

where

Q1n = 281261 + 12030000 — @34 Wit 1,041[00] — @35 Wit 1.2V ],
Qon = 281201 5 — 120300 1 + @34 Win—11+1[05] + ¢35 Wn—1,0[VD ],
Q3n = q140;, (p) — O} (p) — 263000 + ©yp(On1 + 6n—1) — 102p(p1 — On—1) — qus Wi n [V ],
b 2 .
Qun = 2 {Oop%n &[b10(51,n +6_1,n) — 1bo1(61,n — 5—1,n)]} :
q65 4
05 (p) = Bn[V7], Gi( ) =p"lp 0% (p)), b1z =2+,
Wkl fi] = / Fe(p)Wok(p, ps)psdpe, - Wo(p, ps) = /0 Jn(tp)Ji(tp) dt.

For the operator W ; there exists the converse [2, 3], which is an isomorphism into and admits

a representation
N =2t d [t ()
Wilf(p)] = = la / 2)172 dt/ (2 — 72)1/2d7'

Using which and decomposition (12), and also considering Vi~ (p) = p" fpa p~ "V~ (p) dp, from
(14) we obtain

4 .
Vo~ (p) = % {2500\/ a? — p2don + 3PV a? — p?[b1o(01, + 0—1,n) — D01 (01, — 5—1,n)]} ;

2 .

_ 9
vs (p,p) = po [2500 a? —p?+ (bl() cos ¢ + b1 sin p)py/a? — p

Applying to the solution of system (13), the approach described in [3-7], are obtain explicit
expressions for the stresses jumps on the inclusion in the case of an axisymmetric inclusion

o (2,y) = Yo(a® +y?), O3 (p) = Pul0*] = 60,00 (p):

(02)" = —= 1@'/”[%“”%0@)]& ’
: plp J, Ny

v 1/at[<P11( + i ()] dt } “t[p1(t) + @1y (1)] dt
™ Jp 2 s ,/t2_p2 ’

p
- - 1 )+s0(t) + o3 (t)] dt |
(o)™ + (o)™ = va(p,0) {w / (2ot %m }

+ pei® {1/a t[p21(t) 431 () +©5, (t)] dt} e {1/a t[@a1(t) —P31(t) + @5 ()] dt}/.
™% Jp VEE—p? po\TJp vV —p?

(15)
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Here we use the notation:

* /\OQ34
— ImT
P10 =~ \ﬁ [0,30107]] + 20, 10,07,
* — — Z8¢Z - 533
0" = quO (p) — ®+(p), P30 = ———p, 3 =—-2,
b3 b3
20,0 Ao ~ T q34 _
P20 = ag\/almw 1(p) + a—21m1“1[3pJ0[@ ks EReFl[f)p@ s
= 2% Rewi(p) + SReT 9,300 + 2B Ty [9,0]
¥10 = bg\ﬁ 1 by 110pJo a 1109p )
d)ya: )\O(Sacy
_ 2 .
P11 b2\/,i—*Re{(P+ avy1)wi(p)} mwi (p),
2)\0§z7ym Ty
= ——] 2 —
o= m{(p + 2am )wip} \ﬁRewlp,
. 1 o
<P1jf1(/)) = gReRl[féj(ﬂ)] - ;llm Rl[fu(/))]a

paj-1(p) = ﬁlle[féj(p)] + %ReRl[ﬁj(p)], j=1,2

faa(p) = —QO2224(510 - Zbo1)2\§§p(a — %),

fla(p) = QO%(blo - ibm);\? [403 +(a®—p )IDZI_Z - 2PCL] ;

f51(p) = —(10322500\/5(&2 -0, fhlp) = 03355(& [(a2 - p2)an4_—Z — 2pa} ,
L= [0 -0 [ IO = (52)7 w=1-

M= Kika, Kj = Zj, Aj = (=1 ixg, ;= (=1 iy, ap = %ln 1 i_ ;2, l=1,2.

For 0y, ¢, k = 1,2,3, are obtained the following expressions:

Py My Py M,y
0y = My~ + ms—_y = qobiomy, Oy = My = —Mms- o + qobromy
P h q0boo 3b3 M3
52 = 127 —+ — (m2 + m3) — 2a_2 ml(mg + mg), Yz = W,
! My qobio P My qobio 4
Oy =M—5 +M7—3 + ———My, Yo =Me—5 —M7—5 — my
a a a a a a
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where
li1n21 _loinmn +  loomiy £ ligna
my - A 5 ms = A 5 my = fa
_linas _loinag + lognio £ lionas
me =~ T=TTA 2 =T A
a1 oo b1 Ao b1 Ao 3
n11 by Ao n12 + bs g =5 a0’ 12 11a°M13,
2 QQ a2 ba Ao 2
— (1 8a2 S R R R -
na1 3( ao), 22 Ao b ) 21 . a07 22 2144 (m14 m15),
myp = —-———-—(1+a5)ag, miz3= — >
q65 9 a ( 0)a b1 g5 9 Ao
L qs5 A\ 2T /K
mio = (1+ 0)a0(1 —a),

bogss 9a~1 Ao

- 35 2V/2 {amm* (14 ad)m [ T 303 +1 ] N ao./ka*}
1= ,

qd65 Sﬁ al (2a)—3P(4) Ao 040(1 + 04(2)) 2
q35 8V T2 T1\/Kx 2 2
= 222 1 14+4
miy4 g5 45 by (14 ag)a(l + 4ag)ao,
435 4V 21 /K 9 , T 302 +1 )
= BOIVET VI ) o1 2 T 2T | 4aad ).
mis o 0 ar ap(l+ af)(2 + i) N ao(ltad) aag

3. Calculation of generalized intensity factors and analysis of the results

To determine the features of the normal stress field in the vicinity of the inclusion, we obtain the
expression for normal stresses in the plane of connection of two transversely isotropic half-spaces
for p > a. For this we use the singular integral relations, of the work [1], and solutions (15) get

O‘Z‘ =qnv; + Q505 — N2} cos ©Re /a 205, (t) dt + /a Mdt
= 7 : o (P2

¢ tph(t) : /a " /a 051 (1) 2hm
-2 s dt I 2p5(t) dt s dt| ¢ — qua——.
p%(ﬁ—ﬂw et | | 2o J G "

Using the technique described in [5], we obtain the asymptotic representation for p — a + 0 for
normal stresses, in the case of a given heat flux on inclusion

~ T q0
oo,y = §W{%lw3 + Y1205 } (16)
where
1 p11 2a? 9 . M2 2a o2 M2 oy 4a 02
= A 2a*(b —b — 4+ —
1 "3y i )\O( 0—mag) —qi22a” (b1 cos p—bp sin @) [\/7* 3 e )\0+ ,
Ao po1 1y 2a®
T )
N2 = =T gy NoBY ap(Ao + map)
. 4a3 a2 4
— q12(b1p cos ¢ — bo1 sin ) { 521 3 ap(l — ) \'I;E [ )\0 ga%%(l — a%)} },
p1 = 435 oo jip = 18 bOO\/? o2 = 415 V21 oy = 152 2v2
q65 /21 2’ g5 3 65 3T
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2

to| =

Figure 1. Cadmium/Magnesium Figure 2. Zn/A1203

Following [5], we introduce the generalized stress intensity factor SIF related to g, so

2
K = Z \/ V%k
k=1

Figures 1-4 show the dependencies of the generalized SIF K7} on the polar angle for various
values of sets of dimensionless parameters (bgg, b1o, bp1) from expression (9) for the heat flow.
In all figures dash dot line corresponds to values (1,1/3,1/7), dot line corresponds to values
(1,1/5,1/7), dash line corresponds to values (1,1/9,1/5), and solid line corresponds to values
(1,1/9,5/9). Figure 1 shows the calculations for a combination of transversally isotropic
materials Cadmium/Magnesium, in Figure 2 — for the combination Zn-AlyOs, in Figure 3
— for the combination AlpO3/Cadmium, in Figure 4 — for the combination Zn/Magnesium.

Calculations show that the parameters of the heat flux significantly affect the more generalized
SIF for normal stresses. The difference in the properties of transversely isotropic materials also
has a significant effect. In all cases, the values of the generalized SIFs significantly depend on
the polar angle, and for each combination of parameters the directions of the highest stress
concentration in the vicinity of the inclusion are easily determined.

Analytical dependencies are obtained between the parameters of the linear displacement of
the inclusion and the characteristics of the force and temperature fields. The order of the
singularity of stress jumps and displacements is determined. Expressions are obtained for the
stress intensity factor at the inclusion boundary, as well as the numerical dependencies of these
coeflicients on the polar angle, temperature and loads. A number of interesting patterns of the
distribution of stress concentration in the vicinity of the inclusion were found
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Figure 3. Al203/Cadmium Figure 4. Zn/Magnesium
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