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QUALITATIVE ANALYSIS OF IDENTIFICATION PROBLEM FOR WATER-OIL 
RESERVOIRS BY PARAMETERS OF MATHEMATICAL MODEL SETTINGS 

Abstract. The formulation of the problem is set by the parametric identification for oil-water reservoirs in the case 
when one of the fluids being filtered is anomalous. Therewith, the identification problem is defined as an optimal 
control problem reduced to finding the extremum of the quality criterion (functional). The conditions of the existence 
and uniqueness of the solution to identify the mathematical model adjustment are obtained alongside with the 
differentiability of the quality criterion, and therefore the corresponding theorems are proved. 
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КАЧЕСТВЕННЫЙ АНАЛИЗ ЗАДАЧИ ИДЕНТИФИКАЦИИ ВОДОНЕФТЯНЫХ 
ПЛАСТОВ ПО ПАРАМЕТРАМ НАСТРОЙКИ МАТЕМАТИЧЕСКОЙ МОДЕЛИ 

Аннотация. Выполнена постановка задачи параметрической идентификации для водо-нефтяных 
пластов в случае, когда одна из фильтрующихся жидкостей имеет аномальный характер. При этом задача 
идентификации сформулирована как задача оптимального управления, которая сводится к отысканию 
экстремума критерия качества (функционала). Получены условия существования и единственности решения 
задачи идентификации по параметрам настройки математической модели, а также дифференцируемости 
критерия качества, в связи с чем доказаны соответствующие теоремы. 
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метод идентификации, метод проекции градиента 
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ЯКІСНИЙ АНАЛІЗ ЗАДАЧІ ІДЕНТИФІКАЦІЇ ВОДОНАФТОВИХ 
ПЛАСТІВ ЗА ПАРАМЕТРАМИ НАЛАШТУВАННЯ МАТЕМАТИЧНОЇ МОДЕЛІ 

Анотація. Виконано постановку задачі параметричної ідентифікації для водо-нафтових пластів у 
випадку, коли одна з рідин, що фільтрується, має аномальний характер. При цьому задачу ідентифікації 
сформульовано як задачу оптимального управління, що зводиться до відшукання екстремуму критерію якості 
(функціонала). Одержано умови існування та єдиності розв’язку задачі ідентифікації за параметрами 
налаштування математичної моделі, а також диференційовності критерію якості, у зв’язку з чим доведено 
відповідні теореми. 

Ключові слова: аномальний дифузійний процес, ідентифікація, параметрична ідентифікація, метод іден-
тифікації, метод проекції градієнта 
 

Abstract. In the practice of the geophysical 
research and oil production the spatial soil me-
dium denotes the layer, which in addition to the 
geological components of different types of 
rocks, the horizons of groundwater and fluid 
minerals, in particular, also includes a number 
of technological components, such as produc-
tion and injection wells etc. The reservoir poros-
ity and permeability of its material should be 
considered as the most important geological 
characteristics. These characteristics determine, 
respectively, the relative share of the amount of 
space occupied  by   the   rock   itself,   and   the  
© Polozhaenko S.A., Grigorenko Yu.,V., 
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penetrating ability of the medium for the in-
trastratal fluid – phase to be infiltrated  
(filtrated) through it. It should be noted that the 
filtering intrastratal fluids in terms of the hydro-
dynamic theory can be regarded as viscous 
(ideal), obeying a linear Darcy law of motion, or 
as viscoplastic (abnormal) whose motion can 
not be described within the bounds of the men-
tioned law [1]. Viscoplasticity should be under-
stood in terms of compressibility, which is 
specified by the oil complex fractional composi-
tion in particular. The most common techno-
logical mode of oil production is artificially 
created pressure by pumping water into the in-
jection wells. This filtering is called viscoplastic 
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rheology of viscoplastic (oil) and viscous (wa-
ter) fluids [1–7]. The mathematical model 
(MM)  of  a  physical  process  in  the  case  of  the  
collaborative filtering of viscoplastic and vis-
cous fluids in the reservoir system can be repre-
sented as follows [8, 9] (here and hereafter the 
index or parameters of summation  will be de-
noted by ...,,,, 21 jjji  will be for the correspond-
ing variables): 
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where  ( )ztPP ,=  – the distributed function of 
intratrastal pressure; ( )ztSS ,22 =  – the distrib-
uted function of of water saturation; ( )ztvv ,=  
– the distributed test function (with respect to 
the function of water saturation); ( ) ( )zSzP

020 ,  
– the initial values of the functions, of the in-
trastratal pressure and of water satura-
tion respectively; 

max2S  – the maximum value of 

water saturation; ( )zkk 11 = , ( )zkk 22 =  – the 
reservoir permeability of the material for the 
corresponding phase (index 1 – oil, index 2 – 
water); ( )zmm =  – the porosity of the reservoir 
material; h  –  the  bulk  of  reservoir  rock;  

( ) ( )tQtQ
jj 21 ,  – the consumption function of the 

corresponding phases (debits); ( )tjz  – the func-
tion determining the nature of fluid withdrawal 
from the j-th hole; 1K , 2K  – a number of pro-
duction and injection wells, respectively; W  – 
the spatial region where a physical process is 
developing; t  – temporal value; z  – spatial 
value; K  – the functional space of the function 
definition for water saturation respectively; n  – 

the  number of spatial  variables; h  – normal to 
the boundary G  of the spatial domainW . 

Materials research.  Solving  the  direct  
problem of the research, i.e. tasks of modeling, 
filtration processes described by the system of 
the form (1)–(5) suggests that the values of co-
efficients  of  the  differential  operators  for  the  
corresponding expressions, defined by the 
physical parameters of the medium are known – 
in this case by the porosity ( )zm  and permeabil-
ity  of  the  reservoir  ( )( )2,1=lzkl .  However,  in  
practice, quite often the values of these parame-
ters are not known and, therefore, the functions 
describing them are not specified a priori, and , 
or  in  other  words,  the  coefficients  the  differen-
tial operators for the corresponding MM are not 
defined. The given circumstance conditions the 
necessity to formulate and solve the identifica-
tion problems of the parameters in the physical 
environment (inverse problems) – the porosity 
and permeability of the preceding the solution 
for managing the process being investigated, 
and,  if  the  coefficients  of  the  original  MM  are  
not completely defined, then the modeling prob-
lems as well. Therewith, the porosity and per-
meability are the parameter settings for the MM 
of the physical process studied. 

The  problems  of  identification  of  the  pa-
rameters for the reservoir system have been, for 
example, earlier solved for oil and oil-gas reser-
voir  [4].  However,  their  decision  was  made  on  
the assumption of ideal filtering liquids. In case 
of abnormal fluid filtration, a number of impor-
tant aspects qualitatively change the problem of 
identification: 

– interacting with a porous medium, with 
specific physical and chemical parameters the 
filtering fluid can acquire anomalous character 
that requires the use of adequate MM for solv-
ing practical problems; 

– the result of solving the problem for wa-
ter-oil reservoir simulation can be considered 
when the intrastratal pressure achieves the limit-
ing gradient that leads to the subsequent formu-
lation and solution of problem of determining 
the therein dead zones, as well as the problem of 
identification of the physical parameters in the 
reservoir; 

– in case of the multiphase filtration the fil-
terable mixture of anomalous and ideal fluids 
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only partially obeys Darcy's law: for example, 
when displacing viscoplastic fluid with viscous 
fluid, the general problem of identification is 
divided into individual tasks of determining the 
zones of the parameter fields in preferential 
rheology of anomalous and viscous fluids that, 
in general, can have a different setting; 

– MM of water drive in oil field develop-
ment has a clearly pronounced non-linear char-
acter, which, in its turn, results in setting a non-
trivial problem of identification and finds the 
required parameter fields in the class of nonlin-
ear functions when being solved. 

In what follows, the problem of identifica-
tion of the filtration processes in porous media 
will refer to the determination of the fields of 
the porosity parameters ( )zm  and permeability 
of the medium ( )( )2,1=lzkl  based on the re-
sults of measuring the intrastratal pressure 
( )ztP ,  and flow rates ( )tQ j  in  the  system  of  

wells which cover the reservoir. 
The formalized statement of problem of 

identifying the anomalous fluids of the filtration 
processes in porous media as an optimization 
problem is offered. Let ( )zm¢  and ( )( )2,1=¢ lzkl  
are the exact values of of porosity parameters 
and permeability of the medium, respectively. 
For the j-th well in the time interval ( )ktt ,0Î , 
the measured intrastratal pressure ( )ztP ,  of the 
filterable fluid is indicated through 

( ) ( ) ( ) ( )21..,.,1,, KKjtdzztPtF
j

P
j

P
j +=+¢= ò

W
e ,(6) 

and water saturation ( )ztS ,2  in the reservoir 
through 

( ) ( ) ( ) ( )212 ...,,1,, KKjtdzztStF
j

S
j

S
j +=+¢= ò

W
e , (7) 

where ( )ztP ,¢ , ( )ztS ,2
¢  are  the  values  of  the  

intrastratal pressure and water saturation, de-
termined in accordance with a mathematical 
model for the exact type (1) – (5) of the parame-
ter values ( )zm¢  and ( ) ( )2,1=¢ lzkl ; ( )tP

je  and 

( )tS
je  – are respectively, the measurement error 

of the intrastratal pressure and water saturation 
in the j-th well [10]. 

The functionals are introduced into consid-
eration 
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where jT  is  the period of time when the meas-

urement ( )tF P
j  and ( )tF S

j , is done. Since the 
exact  values  of  the  pressure  ( )1,,, kmztP j¢ , and 
( )2,,, kmztP j¢ , as well as the water saturation 

( )12 ,,, kmztS j
¢  and ( )22 ,,, kmztS j

¢  included in 
the expressions (8), (9), are physically the same 
value i.e. mathematically 21 JJ = ), then only 
one of the functionals, e.g. 1J , will be taken into 
account in the subsequent arguments.  

One possible approach to the solution of 
formulated problem of identification is repre-
senting it in the form of an optimal control prob-
lem. Quality criterion for this can be a func-
tional (8), and the problem itself in terms of the 
optimization will be as follows: to determine 
( ) ( )1̂ˆ ,m z k z  for which 

( ) ( ) ( ) ( )( )1 1 1 1 1
ˆˆ , , , dJ m k J m k m z k z£ " ÎL ,(10) 

where dL  is  the  admissible  domain  to  deter-
mine the parameter fields ( ) ( )zkzm 1, . 

The aim to qualitatively analyze the prob-
lem of identification for water-oil reservoirs by 
the parameters of the MM settings in the work 
conducted is studying the existence and unique-
ness  of  problem  solving  (10),  as  well  as  estab-
lishing the fact of differentiability of the func-
tional ( ) ( )[ ]zkzmJ 11 ,  in  (8)  by  the  of  porosity  
and permeability parameters. In this regard, the 
following theorems are formulated and proved. 

Theorem 1.  For  a  set  of  functions  defined  
by  (6),  (7)  and  the  admissible  domain  of  the  
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parameters d
k
d

m
d LÎLL" , , the problem (10) 

has, at least, one solution, and this solution is 
the only one. 

Proof. Given the physical meaning of the 
operators  and  domain  of  admissible  values  of  
variables included in the system (1)–(5), their 
affiliation the corresponding class of spaces is 
written as 
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where ( )W2L  is space of square–integrable 
functions. 

Let a given functional space is  
( ) ( ) ( ) ( )W=WW=W= 211 ;; LHHWHW Sp , 

where   ( )H 1 W  is  Sobolev  space  of  order  1,  de-
fined as follows 
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It is assumed that there are sets of elements 
in spaces PW , and SW  which are generated by 
a basis for which the following relations are true 
( )( ) ( ) qjWwww PPP

j
P
j

P
j ...,,2,1;,, ="Î"= wbw  

( )( ) ( ) qjWwww SSS
j

S
j

S
j ...,,2,1;,, ="Î"= wbw . 
Since the original system (1) – (5) is infi-

nite, which is impossible to obtain an analytical 
solution for, it is necessary to pass to a discrete 
space for its numerical implementation. Then for 
the discrete space { }nn wwwWW ...,,,: 21=  the 
system, defining the problem (1)–(5) is written 
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where the set ( ) ( ){ }ztSztP
qq ,,, 2 is the approxi-

mate solution of (1)–(5), represented as 
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where ( )tP
jb  and ( )tS

jb  are the weighting coef-
ficients. 

The resulting solution is local because it is 
valid only on the local interval [ ]qtt ,0Î , and qt  
is a discrete analog of kt . It should be proved 
that kq tt = , i.e., that the local solution can be 
extended to the whole time interval [ ]ktt ,0Î" . 

For this purpose the termwise multiplica-
tion of the derivatives of j-th dynamics ratios 
(11), (12) by ( )tP

jb , and ( )tS
jb , respectively, as 

well as their summation is performed, and as 
result the system of equations has the form of 
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where it turns out that the solution of 
( ) ( ){ }ztSztP ,,, 2  systems  (1)  –  (5)  exist  in  the  

whole interval [ ]kt,0 , i.e. kq tt = . 

Next, some operators PY and SY are intro-
duced that perform projection H  on PW and H  
on SW  in n -dimensional space of nR  for the 
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norms of ( )ztPq , , and ( )ztS
q

,2 . Then, the 

expressions  of  the  dynamics  (11),  (12)  can  be  
represented as 

2P m SY
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and here (17) and (18) are performed in the 
spaces of PW  and SW  almost for all ( )ktt ,0Î . 
The above arguments imply that the operators 
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k WtL ,,02 , and the operator of 
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Finally, it follows that the required solution 
of ( ) ( ){ }ztSztP ,,, 2  can be obtained from the 
approximate of ( ) ( ){ }P t z S t zq q

, , ,2 , and thus the 

following conditions for convergence are taken 
into account: 
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Therefore, the implemented limiting transi-
tion  is  the  proof  that  the  set  of  

( ) ( ){ }ztSztP ,,, 2 provided by the specified con-
ditions of convergence, is a solution of the (1) – 
(5) system for the parameters of 

( ) ( )( ) dzkzm LÎ1, . 
The next phase of the qualitative analysis is 

the proof of the uniqueness of the problem solv-
ing of 1) – (5). Suppose that (1) – (5) has two 
solutions, defined by the set of 
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may also be assumed that for each point of the 
domain W  there are numbers  
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The expressions in square brackets in (19) 

and  (20),  based  on  the  definition  of  the  opera-
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ì üé ù= -í ýë ûî þ
å

 

Thus the system (19) – (21) can be pre-
sented as 

( )

( ) ( )

1 2
2 2

2
1 2 1 2

1 2
1

S
S

n

i i

mS S v
t

k P P P P v dz
z

¶h
h

¶

¶
b b

¶=W

æ ö
- - -ç ÷

è ø
ì üé ù- - - +í ýë ûî þ

åò

( ) ( )[ ] 0
1

2
2

1
2

2121
2

2

1 ³
þ
ý
ü

î
í
ì

---+ òå
W =

n

i i
dzSSPPPP

z
k bb
¶
¶ , (22) 

( ) ( )

1 2
2 2

2
1 2 1 2

1 2
1

0,

S

n

i i

mS S
t

k P P P P dz
z

¶h
¶

¶
b b

¶=

æ ö
- -ç ÷

è ø
ì üé ù- - - =í ýë ûî þ

å

 (23) 

( ) ( ) 00;00 == SP hh .                (24)  
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It is obvious that implementing the condi-
tions of the system (22) – (24) is possible only 
under the condition that 

( ) ( ) ( ) ( )ztSztSztPztP ,,,,, 2
2

1
2

21 ==  which 
proves the uniqueness of the solution of initial 
problem (1) – (5). 

Thus, there is the solution of the problem in 
( ) ( )HtLL k ,,02 I ¥W  and it is unique. 

Now the differentiability of the functional 
(10) in the form of proving the following theo-
rem is under study. 

Theorem  2. For ( ) ( )( ) dzkzm LÎ1,  the 
functional (10) has a weak derivative dL  (i.e., 
the derivative in the sense of Gateaux) in the 
domain nR . 

Proof. The functional derivative 
( ) ( )[ ]zkzmJ 11 ,  is defined as 

( ) ( ) ( ) ( )[ ]
+

ïî

ï
í
ì

ê
ê
ë

é -
= ò

W t
tFkmztP

zmkmJ
P
jj

¶
¶

dd 1
11

,,,
,  

( ) ( )

( )
( ) ( )1 2

2 1 *

1
1

1

, , ,

, , ,

S
j j

PK K
j j

j j

S t z m k F t
p dt dz

t

P t z m k F t
k z

z

¶

¶

¶
d

¶

+

=W

üùé ù- ïë û ú+ ´ +ý
ú ïû þ

ì é é ù-ï ë ûê+ +í
êï ëî

åò

 

( ) ( )[ ]
dzdt

z
p

z
tFkmztS

jj

S
jj

ïþ

ï
ý
ü

´
ú
ú
û

ù-
+

¶
¶

¶
¶ *

12 ,,,
,  (25) 

where ( ) ( ){ }ztSztP ,,, 2  is the solution of the 
problem (1)–(5), and ( )ztp ,*  – is the solution of 
the adjoint system of the form 

( ) ( )

( ) ( ) ( )

*

2

*

1 1 2 1
1

, , , , , , 0,
n

i i

pm z v S
t

pA P v t z A P S t z k z
z

¶
¶

¶
¶=

- - -

é ù¢ ¢é ù- + ³ê úë û ë û
å

(26) 

( ) ( ) ( ) 0,,
1

*

11

*
=ú

û

ù
ê
ë

é²-- å
=

n

i iz
pzkztPA

t
pzm

¶
¶

¶
¶ , (27) 

( )
0,*

=
t

ztp
¶

¶   на  ( )kt,0´W=S ¶ ,     (28) 

( ) 0,* =ztp k    на  W .                (29) 
The conjugate function satisfies the follow-

ing conditions 
( ) ( )( ) ( )kk tLHtLztp ,0,,0, 2* I ¥WÎ ; 

( ) ( )WÎ 2
* , L

t
ztp

¶
¶ .                (30) 

Assuming that ( ) ( )( ) ( )ztPzkzm ,, 1 ®  and 
( ) ( )( ) ( )ztSzkzm ,, 21 ®  are continuous on dL  

and, consequently, have weak derivatives (ie, 
derivatives in the sense Gateaux) on ( )W2L , we 
can prove that the criterion ( ) ( )[ ]zkzmJ 11 ,  (8) is 
also Gateaux-differentiable, and its derivative 

dL  is 

( ) ( ) ( ) ( )[ ] ,,,,,
0

21 dtdzztSzteztPzteJ
kt

SPò ò
W

+-= ddd  

where  

( ) ( ) ( )[ ]å ò
+

= W ïþ

ï
ý
ü

ïî

ï
í
ì

--=
21

1
1,,,12,

KK

j

P
jj

j

P dztFkmztP
z

zte

( ) ( ) ( )[ ]å ò
+

= W ïþ

ï
ý
ü

ïî

ï
í
ì

--=
21

1
12 ,,,

1
2,

KK

j

S
jj

j

S dztFkmztS
z

zte

( )ztP ,d  и ( )ztS ,2d  – respectively increment of 
functions ( )ztP ,  and ( )ztS ,2 . 

For the functions ( ) ( )WÎ 2, LztPd  and 
( ) ( )WÎ 2

2 , LztSd , given the accepted symbols, 
the expressions of the systems dynamics can be 
written 

( ) ( ) ( )

( )

2
2 1

1 2

, , ,

, , ,

m z S
v S A P v t z

t

A P S t z

d ¶ d
d d d d

¶

d d

æ ö ¢- - +ç ÷
è ø

¢+ =

 

( ) ( )

( )

( ) ( )

2
2

1
1

1 2
1

, ,

n

i j

n

i j

m z S
v S

t

Pk z v dz
z

Pk z S dz f t z
z

d ¶ d
d d

¶

¶ dd d
¶

¶ dd d
¶

=W

=W

æ ö
= - -ç ÷
è ø

é ù
- +ê ú

ê úë û
é ù

+ £ê ú
ê úë û

åò

åò

     (31) 

( ) ( )

( ) ( )

2
1

2
2

1 2

, ,

.
1

n

j

m z S
A P t z

t

m z S Pk z
t zi

d ¶ d
d

¶

d ¶ d ¶ dd
¶ ¶

æ ö ²- =ç ÷
è ø
æ ö

= -ç ÷
è ø =

å
    (32) 

Next, the function ( ) ( )WÎ 2, Lztr  which 
can be defined by the following system is intro-
duced into consideration 
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( ) ( )

( )
( )

1 1 2, , , , , ,

;

0,

P S

k

m A v t z A S t z
t

e e dt

t

¶r r r
¶

r r

r
W

üæ ö ¢ ¢- + =ïç ÷
è ø ïï

ý= +
ï
ï

= ïþ

ò    (33) 

and this system has a unique solution (which 
follows  from  the  proof  of  Theorem  1),  satisfy-
ing the conditions 

( ) ( )
( ) ïþ

ï
ý
ü

WÎ

WÎ ¥

.

,,,0
2

2

L
t

HtLL k

¶
r¶

r I
.           (34) 

Using the expressions (31)–(34) the follow-
ing can be obtained 

( ) ( )

( )

( )

2
1 2

1
1

1 2
1

.

n

i j

n

i j

SJ m z v S
t

Pk z v dz
z

Pk z S dz
z

¶ d
d d d d

¶

¶ d
d d

¶

¶ d
d d

¶

=W

=W

æ ö
= - -ç ÷
è ø
é ù

- +ê ú
ê úë û
é ù

+ ê ú
ê úë û

åò

åò

          (35) 

By equating in turn 2
* Sp d=  and Pp d=* , 

the inequality (26) can be obtained from (35) 
and the relation (30) from (33). In addition, (35) 
results from (25). Hence Theorem 2 is proved. 

We can write the derivative ( )11 ,kmJ  by the 
parameters in the form of ( )zm  and ( )zk1  

( ) ( ) ( )

( ) ( )
( ) ( ) ( )

( )

1 1 1 1

1 1 1 1
1

1

, ,

, ,

J J m k m z k z

J m k J m k
m z k z dz

m z k z

d d d

¶ ¶
d d

¶ ¶W

= =é ùë û
é ù

= +ê ú
ë û
ò

 

where 
( )
( )

( ) ( )[ ] ( )dtztpztSv
t

ztS
zm
kmJ kt

,,,, *
2

0

211 -= ò ¶
¶

¶
¶ ,   (36) 

( )
( )

( ) ( )

( ) ( )

1 1

1

1 1 2
0

*

1

,

, , , , , , x

, ,
x

kt

n

i i i

J m k
k z

A P v t z A P S t z

P t z p t z
dt

z z

¶
¶

¶ ¶
¶ ¶=

=

¢ ¢é ù+
ë ûò

å

        (37) 

The relations (36), (37) are convenient for 
the numerical calculation of the gradient of the 
functional ( ) ( )[ ]zkzmJ 11 ,  while writing the op-
timization problem in the form (10). 

Conclusion.  A  qualitative  analysis  of  the  
problem of identification for water-oil reservoirs 

by the porosity and permeability parameters, 
which are the parameter settings of the MM for 
filtering process of the anomalous fluid, showed 
that there is a solution for the formulated prob-
lem of identification in the optimization setting 
and it is unique. In addition, the quality criteria 
in the formulated optimization problem is dif-
ferentiable with respect to identifiability of the 
porosity and permeability parameters, which 
means the possibility to achieve extremum in its 
decision. In other words, a quality criterion for 
the optimization problem can be minimized by 
MM settings, and the initial problem of identifi-
cation for water-oil reservoirs is the correct so-
lution. 
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