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QUALITATIVE ANALYSIS OF IDENTIFICATION PROBLEM FOR WATER-OIL
RESERVOIRS BY PARAMETERS OF MATHEMATICAL MODEL SETTINGS

Abstract. The formulation of the problem is set by the parametric identification for oil-water reservoirs in the case
when one of the fluids being filtered is anomalous. Therewith, the identification problem is defined as an optimal
control problem reduced to finding the extremum of the quality criterion (functional). The conditions of the existence
and uniqueness of the solution to identify the mathematical model adjustment are obtained alongside with the
differentiability of the quality criterion, and therefore the corresponding theorems are proved.
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Annomayun. Buinonnena nocmanoska 3adauu  napamempuyeckou uoeHmugukayuu Ons  8000-HePMAHbIX
nAACMo8 8 cayuae, K020a 0OHA U3 PUILMPYIOWUXCS JHCUOKOCHEU uMeem aHOMATbHbll xapakmep. [Ipu smom 3adaua
uoenmugpurayuu cQOpMyIUPOBara Kaxk 3a0aua ONMUMANLHO20 YAPABIEHUS, KOMOPAs C80OUMCA K OMBbICKAHUIO
akcmpemyma Kpumepus kavecmea (ynxyuonana). Horyuensl ycnosus cyujecmeo8anust u eOUHCMEEHHOCMU PeueHsl
3a0a4u uoeHmuguKkayuy no napamempam HacmpouKu Mamemamuyeckol Mooeiu, a maxice ouggepenyupyemocmu
Kpumepus Kauecmed, 6 Ces13u ¢ yem 0OKA3aHbl COOMEEeMCmMeEyoujie meopemul.

Knrouegsle cnosa: anomansHulii Ough@yzuonnulii npoyecc, u0eHmuQurkayus, napamempuieckas uoeHmugdurayus,
Memoo uoeHmugurayuu, Memoo npoeKyuu epacueHma
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Anomauyin. Buxkonano nocmaHosKky 3aoaui napamempuuroi ioemmuixayii oas 6000-Hapmoeux niacmie y
8UNAOKY, KOIU OOHA 3 PIOuH, wo Qitempyemscs, mae anomanvrull xapaxmep. Ilpu yvomy 3adauy ioenmudgbikayii
ChOPMYTLOBAHO AK 3A0aUy ONMUMATLHO20 YRPABTIHHA, WO 3600UMbCA 00 GIOULYKAHHS eKCIMpPeMyMy Kpumepiro aKkocmi
(pyuryionana). Oodepoicano ymosu icHy6anHs ma €OUHOCMI pPO36’A3KY 3a0aui [denmuikayii 3a napamempamu
HAAAuWmy8anHs MamemMamuyHoi Mooeii, a makoxic OughepeHyitio8HOCmI Kpumepito aKocmi, y 368 A3Ky 3 M 008€0eHO

8i0N0GIOHI meopemu.

Knrwouoei cnosa: anomanvruii ougysitinuti npoyec, ioenmugpikayis, napamempuyna ioenmudikayis, memoo ioeH-

muixayii, memoo npoekyii epadicnma

Abstract. In the practice of the geophysical
research and oil production the spatial soil me-
dium denotes the layer, which in addition to the
geological components of different types of
rocks, the horizons of groundwater and fluid
minerals, in particular, also includes a number
of technological components, such as produc-
tion and injection wells etc. The reservoir poros-
ity and permeability of its material should be
considered as the most important geological
characteristics. These characteristics determine,
respectively, the relative share of the amount of
space occupied by the rock itself, and the
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penetrating ability of the medium for the in-
trastratal fluid — phase to be infiltrated
(filtrated) through it. It should be noted that the
filtering intrastratal fluids in terms of the hydro-
dynamic theory can be regarded as viscous
(ideal), obeying a linear Darcy law of motion, or
as viscoplastic (abnormal) whose motion can
not be described within the bounds of the men-
tioned law [1]. Viscoplasticity should be under-
stood in terms of compressibility, which is
specified by the oil complex fractional composi-
tion in particular. The most common techno-
logical mode of oil production is artificially
created pressure by pumping water into the in-
jection wells. This filtering is called viscoplastic
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rheology of viscoplastic (oil) and viscous (wa-
ter) fluids [1-7]. The mathematical model
(MM) of a physical process in the case of the
collaborative filtering of viscoplastic and vis-
cous fluids in the reservoir system can be repre-
sented as follows [8, 9] (here and hereafter the
index or parameters of summation will be de-
noted by 1, J, J;, J,,... will be for the correspond-

ing variables):
2
{ d ID|v|}dz+
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where P = P(t,z) - the distributed function of
intratrastal pressure; S, = S,(t,z) — the distrib-

uted function of of water saturation; v = v(t,z)
— the distributed test function (with respect to
the function of water saturation); Py(z), S, (z)

— the initial values of the functions, of the in-
trastratal pressure and of water satura-
tion respectively; S, ~ —the maximum value of

water saturation; k, =k,(z), k, =k,(z) - the
reservoir permeability of the material for the
corresponding phase (index 1 — oil, index 2 —
water); m =m(z) — the porosity of the reservoir
material; h - the bulk of reservoir rock;
Q;, (t) Q;, (t) - the consumption function of the

corresponding phases (debits); ¢;(t) — the func-

tion determining the nature of fluid withdrawal
from the j-th hole; K,, K, —a number of pro-
duction and injection wells, respectively; Q -
the spatial region where a physical process is
developing; t — temporal value; z - spatial
value; K - the functional space of the function
definition for water saturation respectively; n —
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the number of spatial variables; n — normal to

the boundary G of the spatial domain Q.
Materials research. Solving the direct
problem of the research, i.e. tasks of modeling,
filtration processes described by the system of
the form (1)—(5) suggests that the values of co-
efficients of the differential operators for the
corresponding expressions, defined by the
physical parameters of the medium are known —
in this case by the porosity m(z) and permeabil-

ity of the reservoir k,(z)(I =1,2). However, in

practice, quite often the values of these parame-
ters are not known and, therefore, the functions
describing them are not specified a priori, and ,
or in other words, the coefficients the differen-
tial operators for the corresponding MM are not
defined. The given circumstance conditions the
necessity to formulate and solve the identifica-
tion problems of the parameters in the physical
environment (inverse problems) — the porosity
and permeability of the preceding the solution
for managing the process being investigated,
and, if the coefficients of the original MM are
not completely defined, then the modeling prob-
lems as well. Therewith, the porosity and per-
meability are the parameter settings for the MM
of the physical process studied.

The problems of identification of the pa-
rameters for the reservoir system have been, for
example, earlier solved for oil and oil-gas reser-
voir [4]. However, their decision was made on
the assumption of ideal filtering liquids. In case
of abnormal fluid filtration, a number of impor-
tant aspects qualitatively change the problem of
identification:

— interacting with a porous medium, with
specific physical and chemical parameters the
filtering fluid can acquire anomalous character
that requires the use of adequate MM for solv-
ing practical problems;

— the result of solving the problem for wa-
ter-oil reservoir simulation can be considered
when the intrastratal pressure achieves the limit-
ing gradient that leads to the subsequent formu-
lation and solution of problem of determining
the therein dead zones, as well as the problem of
identification of the physical parameters in the
reservoir;

— in case of the multiphase filtration the fil-
terable mixture of anomalous and ideal fluids
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only partially obeys Darcy's law: for example,
when displacing viscoplastic fluid with viscous
fluid, the general problem of identification is
divided into individual tasks of determining the
zones of the parameter fields in preferential
rheology of anomalous and viscous fluids that,
in general, can have a different setting;

— MM of water drive in oil field develop-
ment has a clearly pronounced non-linear char-
acter, which, in its turn, results in setting a non-
trivial problem of identification and finds the
required parameter fields in the class of nonlin-
ear functions when being solved.

In what follows, the problem of identifica-
tion of the filtration processes in porous media
will refer to the determination of the fields of
the porosity parameters m(z) and permeability

of the medium k;(z)(I =1,2) based on the re-

sults of measuring the intrastratal pressure
P(t,z) and flow rates Q;(t) in the system of
wells which cover the reservoir.

The formalized statement of problem of
identifying the anomalous fluids of the filtration
processes in porous media as an optimization
problem is offered. Let m'(z) and k{(z)(1 =1,2)
are the exact values of of porosity parameters
and permeability of the medium, respectively.
For the j-th well in the time interval t e (0,t, ),
the measured intrastratal pressure P(t,z) of the
filterable fluid is indicated through
FjP(t)=QjP'(t,z)dz+ng’(t), j=1..,(K +K,).(6)

i
and water saturation S,(t,z) in the reservoir
through
FP(t)=[S, (tz)dz+&(t) j=1,..(K +K;) (7)
Q;
where P'(t,z), S, (t,z) are the values of the

intrastratal pressure and water saturation, de-
termined in accordance with a mathematical
model for the exact type (1) — (5) of the parame-

ter values m'(z) and kj(z) (I =1,2); &f(t) and

J
S
&

; (t) — are respectively, the measurement error

of the intrastratal pressure and water saturation
in the j-th well [10].

The functionals are introduced into consid-
eration
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J,[m(2), k(2)]=

S e ©

j=1

+I[SZ' (tz;,mk,)-F (t)T dt}

Tj

where T; is the period of time when the meas-
urement Ff(t) and F](t), is done. Since the
exact values of the pressure P'(t,z;,m,k;), and
P’( ,zj,m,kz), as well as the water saturation

,2;,m,k,) included in

the expressions (8), (9), are physically the same
value i.e. mathematically J; =J,), then only
one of the functionals, e.g. J;, will be taken into
account in the subsequent arguments.

One possible approach to the solution of
formulated problem of identification is repre-
senting it in the form of an optimal control prob-
lem. Quality criterion for this can be a func-
tional (8), and the problem itself in terms of the
optimization will be as follows: to determine

A

m(z), k,(z) for which
3, (k) <3, (m k) ¥(m(2), k (2)) € Ay (10)

where A, is the admissible domain to deter-

mine the parameter fields m(z), k;(z).

The aim to qualitatively analyze the prob-
lem of identification for water-oil reservoirs by
the parameters of the MM settings in the work
conducted is studying the existence and unique-
ness of problem solving (10), as well as estab-
lishing the fact of differentiability of the func-
tional J,[m(z) k,(z)] in (8) by the of porosity
and permeability parameters. In this regard, the
following theorems are formulated and proved.

Theorem 1. For a set of functions defined
by (6), (7) and the admissible domain of the

Sz'(t,zj,m,kl) and SZ'( Z;
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parameters VA’“,A'fj € Ay, the problem (10)

has, at least, one solution, and this solution is
the only one.

Proof. Given the physical meaning of the
operators and domain of admissible values of
variables included in the system (1)-(5), their
affiliation the corresponding class of spaces is
written as

P(t,z)e LZ(Q)— H(Q); S,(t,z) e L2(Q) = H(Q);

L8¢ fak0,0= 6le2)e o)
§ 26,00, 0)= flu2)< (o)
e N R
I 2l |- A (p:5,0.2) ()

i@fﬂzﬁmukem»

gl ozt

where L?(Q) is space of square-integrable

functions.
Let a given functional space is

WP =HY(Q)W?* = H(Q), H(Q) = LA(Q),
where H'(Q) is Sobolev space of order 1, de-
fined as follows

HY(Q) = {wlco e L2(Q), Z‘: c 12(Q), i =1,2}.

It is assumed that there are sets of elements
in spaces WP, and W> which are generated by

a basis for which the following relations are true
((WJP,a))):,BJ (W a)) vw® eWP; vj=12,...9
((W?,a))):ﬁj (W a)) vw® eW®: vj=12,..q.

Since the original system (1) - (5) is infi-
nite, which is impossible to obtain an analytical
solution for, it is necessary to pass to a discrete
space for its numerical implementation. Then for
the discrete space W :W, = {w;,W,,...,w,} the

system, defining the problem (1)—(5) is written
_[mjtsz ,W?j(V—SZ,WjS)_ Al’ (pq,v,t, Z,ij)+

+Al,(Pq,v,t,z,ij)2 fl(z,wjp);
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i=12..q, (11)
mos, s " p
W -A (P t,z,w)=
( at Jj Ai ( q z WJ) (12)
= f, z,wf), i=12,..,4q,
P (0)=P, > P el2(Q);
(0=R oRel@;

where the set {Pq(t,z),s2q (t,z)} is the approxi-
mate solution of (1)—(5), represented as

)25 (0w
z)=_zq;ﬁj5 (tw, Vte[o,tq]

where B} (t) and B} (t) are the weighting coef-
ficients.

The resulting solution is local because it is
valid only on the local interval t e [O,th, and t,
is a discrete analog of t, . It should be proved
that t, =t , i.e,, that the local solution can be

extended to the whole time interval vt € [0,t, ].

For this purpose the termwise multiplica-
tion of the derivatives of j-th dynamics ratios

(11), (12) by Bl (t), and B;(t), respectively, as
well as their summation is performed, and as
result the system of equations has the form of

_[%’Sm(t’z)j(v_sm(t’z))_
-A (R (t.2) V., (1.2))+
+A (P, (t z)qu(tz )P, (t ))z 1( P.(t,2)), (14)
mas,, (t.z) J ( ) )
:fz(z,Pq(, ))
Pq(0)= Fos Sz, (0)= Syy (16)
where it turns out that the solution of

{P(t,z), S,(t,z)} systems (1) — (5) exist in the
whole interval [0, ], i.e. t, =t .

Next, some operators Y "and Y *are intro-
duced that perform projection H on W"and H
on W® in n-dimensional space of R" for the
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norms of |R(t,z)|, and Hszq(t,z)ﬂ. Then, the
expressions of the dynamics (11), (12) can be
represented as

_YP@>
ot

>YPA (P v,2)-YPA (B,S,.2)+
YR (),

s mf =YSA (P, 2)+YS5,(t), (18)

and here (17) and (18) are performed in the

spaces of W” and W* almost for all t e (0,t, ).
The above arguments imply that the operators

YPA (Pv,2) Y
boundary of Lz(O,tk,WP), and the operator of

(17)
Y

A& (P z) belong to the space

YPA&'(Pq,SZ,z) ~ to the space boundary
2(0,t,w*).

Finally, it follows that the required solution
of {P(t,z), S,(t,z)} can be obtained from the
approximate of {Pq(t,z), qu(t,z)}, and thus the
following conditions for convergence are taken
into account:

— P, —> P in the space of LZ(O,tk,WP) and
S,, = S, in the space of Lz(o,tk,WS) — weak;

mas,  mos

- L Z in
ot ot

LZ(O,tk,WS)—weak;
— P, > P in the space of Lw(o,tk,WP) u
S,, = S, in the space of Lw(o,tk,ws) — weak.
Therefore, the implemented limiting transi-
tion is the proof that the set of
{P(t,z), S,(t,z)}provided by the specified con-

ditions of convergence, is a solution of the (1) —
(5) system for the parameters of
(M(z), ky(z)) e Ayg .

The next phase of the qualitative analysis is
the proof of the uniqueness of the problem solv-
ing of 1) — (5). Suppose that (1) — (5) has two
solutions,  defined by the set of
P(t.2). Sit.2)fand (P?(t.2), S3(t.2)}. Then it

the space of
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may also be assumed that for each point of the
domain Q there are numbers
n® =Pt z)- P2(t, z); n° = S5(t,z)— S3(t,2).
Replacing in terms of the systems dynamics
of (1) - (5) the functions of P(t,z), S,(t,z) re-
spectively by P'(t,z), S5(t,2)
P%(t,z), S5(t,z), it is possible to get two sys-

tems where the term wise subtraction will lead
to the result

and

el
+[A1’(P1,Sz,t, z)— Ai'(pZ,Sz,t, z)}zo,

(mj?sJ_[Alﬂ(Pl,t,Z)— A&”(Pz,t,z)} o, (20)

n"(0)=0;n°(0)=0. 1)

The expressions in square brackets in (19)
and (20), based on the definition of the opera-

tors A (), and A’ (), can be presented as
A;(Pl,v,t,z)—Air(Pz,v,t,z):
_Ziz[ﬁ(Pl)—,B(Pz)]|v|}dz,
Ai'(Pl,Sg,t,z)—Al'(Pz,Szz,t,z):
=£Z{k [ﬁ(Pl) P?)||si-s \}dz,
NG > ¥ <P<t,z>
,B(Pz)]}dz.
Thus h system (19) - (21) can be pre-

sented as
1 2 é’ s S
|sz—sz|(m; J(o-n)-
[ )—ﬁ(PZ)]|P1—P2||V|}dz+

157
i Sl ﬁ(pz)]|p1_pz||s;_sg|}dz20, (22)

1 @2 man® B

g Sz|( ot j (23)

_izz‘{kljzf [ﬁ(pl)_ (pz):||P1_P2|}dZ:
n°(0)=0; 7°(0)=0 (24)
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It is obvious that implementing the condi- op(tz) .,
tions of the system (22) — (24) is possible only e X(Q). (30)

under the condition that
Pl(t,z) = P?(t,z), S3(t,z) = SZ(t,z) which
proves the uniqueness of the solution of initial
problem (1) — (5).

Thus, there is the solution of the problem in
L*(Q)NL*(0,t,,H) and it is unique.

Now the differentiability of the functional
(10) in the form of proving the following theo-
rem is under study.

Theorem 2. For (m(z), k(z))e Ay the
functional (10) has a weak derivative A, (i.e.,
the derivative in the sense of Gateaux) in the
domain R".

Proof. The functional
J,[m(z), k(z)] is defined as

53, (m k) = | 5m(z>{5[|3 L mk)-Fr) ¢

ot
o[, (tz;,mk)-F; (t)w

“dt bdz +
ot P }
F

derivative

+

o Eg
a[s (t.2,,m k)~ S (0) <P thaz, (25)
o1, Zj |

where {P(t,z), S,(t,z)} is the solution of the
problem (1)—(5), and p’(t,z) — is the solution of
the adjoint system of the form
op
-m(z)——(v-S,)-
(2)—(v=5,) (26)

[Al(Pvtz)+Al (P.S, tz}n{kl —p}zo,

i=1

o
e - 0 ()20, 27

i=1 ZI
apa_<ttz>:o na T=20x(04), (28)
p'(t.z)=0 ma Q. (29)

The conjugate function satisfies the follow-
ing conditions

p'(t,z)e L*(0,t,,H(Q)NL*(0,t, );
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ot
Assuming that (m(z), k(z)) - P(t,z) and
(m(z), k,(z)) = S,(t,z) are continuous on A,
and, consequently, have weak derivatives (ie,
derivatives in the sense Gateaux) on L*(Q2), we
can prove that the criterion J;[m(z), k,(z)] (8) is

also Gateaux-differentiable, and its derivative
Ay is

——H[ P (t, 2)oP(t,2)+ €5 (t, 2)85, (t,2)Jdz e,

where
eP(t,z)= ZKliKZ{P J‘[pt,zj,m k ]dZ}
e*(t,z)= 2K1§<2{| _|£[S tzjm k)~ ]dz}

SP(t,z) u &5,(t,z) - respectively increment of
functions P(t,z) and S,(t,z).
For the functions &P(t,z)e L*(Q) and

5S,(t,z) e L*(Q), given the accepted symbols,

the expressions of the systems dynamics can be

written
[5m(z)5582

g J(&v—ész)—Ai'(ap,av,t,z)+

+A (8P,5S,.t,2) =
:(5m(z)658

o 2)(5v—532)—

_J'Zn:{ékl(z)%bv@dpr (31)
+j§n:{5k a5P|5s |}dz< f(t,2),
[—5"‘(25632}— A (6Pt2)=

(32)

n 2
[ém( 56Sj 25" a@ip'

Next, the function p(t, z)e L’(Q) which

can be defined by the following system is intro-
duced into consideration
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(ma—étp}ﬂ{(p Vt2)+A (p.S,t2) =

:j(epp+esp)dt; (33)
Q

p(tk)zo,

and this system has a unique solution (which

follows from the proof of Theorem 1), satisfy-
ing the conditions

p e 2(QNL (0.t ,H),

é’_p el? (Q)
ot

Using the expressions (31)—(34) the follow-
ing can be obtained

(34)

5m(z)5§tSZJ(5v—5SZ)—

_I . 5k1 0"5P

O i=l J

|5v|}dz + (35)

C 0”5P

Q=1 Z;

By equating inturn p* =85, and p~ = &P,

the inequality (26) can be obtained from (35)

and the relation (30) from (33). In addition, (35)
results from (25). Hence Theorem 2 is proved.

We can write the derivative J;(m,k,) by the
parameters in the form of m( ) and k;(z)
83, =J3,(mk)[om(z),8k (z)]=

—|5S @dz

=ﬂ5m(z) 1 ()) () (())}
where
églrgu( )) J: St )[V—Sz(t,Z)] p’(t,z)dt. (36)
23,(m,k;) k)
ok (2)
j.[Ai P,v,t,z) +A1(P Sz,t,z)} (37)
ﬁP t, Z ﬁp ( )dt

,le ﬁz o1,

The relations (36), (37) are convenient for
the numerical calculation of the gradient of the
functional J;[m(z),k(z)] while writing the op-
timization problem in the form (10).

Conclusion. A qualitative analysis of the
problem of identification for water-oil reservoirs
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by the porosity and permeability parameters,
which are the parameter settings of the MM for
filtering process of the anomalous fluid, showed
that there is a solution for the formulated prob-
lem of identification in the optimization setting
and it is unique. In addition, the quality criteria
in the formulated optimization problem is dif-
ferentiable with respect to identifiability of the
porosity and permeability parameters, which
means the possibility to achieve extremum in its
decision. In other words, a quality criterion for
the optimization problem can be minimized by
MM settings, and the initial problem of identifi-
cation for water-oil reservoirs is the correct so-
lution.
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