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FINITE ELEMENTS MATHEMATICAL MODEL
OF GEOMETRIC NONLINEARITY

A.FO. Baxcanosa, M.I'. Cyp ‘aninos, I'.b. [Llomaose. KiHnieBo-eJleMeHTHA MaTeMATHYHA MOJeJIb TeOMeTPHYHOI He-
JginiifHocTi. Po3rsiHyTO MOOYI0BY MaTeMaTHYHO! MOJeNi Ul BpaXxyBaHHs IeOMETPHYHOI HETiHIIHOCTI B METO/I KiHIIEBUX
eniemeHTiB. [ToOynoBaHa MozeNb J03BOJISIE€ BPAXOBYBAaTH 3MiHY MaTPHIli )KOPCTKOCTI CUCTEMH IIpH 3MiHi 1T popmu. Sk 06’ exT
JUISL TIOPIBHSIHHS PE3yJIbTAaTiB YMCENbHUX AOCHI/UKCHb HA PI3HUX MOJIEIAX 3 PE3yJbTaTaMM eKCIEPUMEHTY 00paHO pecopy
aBTOMOOIIST YA3 — CHMETpUYHY HaIiBEJINTHYHY PEcopy, II0 CKIAZA€ThCs 3 I1SITHAAUATH JIMCTIB. Bci uMcenbHi mocimi-
okeHHs BUKOHaHO y 1BoX CAIIP: ANSYS — mpeacraBauk rpynu Bakkux makeTiB — i SolidWorks, sikuit BigHOCHTBCS 110
cepeHporo piBHA. Po3po0iieHO MakeTH aBTOMAaTH30BAaHOTO MPOCKTYBAHHS, MPU3HAUCH] I PO3IIUPEHHS MOXKIUBOCTEH ic-
nytounx CAIIP. Anaii3 oTpuMaHuX pe3yJIbTaTiB JO3BOJISIE 3pOOUTH BUCHOBOK IIPO T€, IO TPAAULINHHI MOAEINI HeNiHIHHOCTI B
ANSYS i SolidWorks matoTs npuOIH3HO 0JHAKOBI Pe3yIbTaTH, SIKi B TOUI MakcuMyMy Ha 20,6 % Bigpi3HSIOTHCS BiJ JaHUX
HaTypHOTO eKCIepuMeHTy. IIpy BUKOpHCTaHHI 3aIIpOIIOHOBAHOT MOJIEI 1Sl BIAMIHHICTB 3HIXKY€ETBCS 110 7,95 %.

Kniouosi cnosa: MateMaThyHa MOJENb, TeOMETpUYHA HemiHikHicTh, CAIIP, MeTon KiHieBux eineMeHTiB, ANSYS,
SolidWorks.

A.Yu. Bazhanova, M.G. Suryaninov, G.B. Shotadze. Finite elements mathematical model of geometric nonlinearity.
The article considers the construction of a mathematical model for accounting the geometric nonlinearity at finite elements
method. The built model takes into account the changes in system stiffness matrix when changing its shape. In quality of an
object to compare the results of numerical studies on different models with experimental ones selected is the UAZ automo-
bile spring: symmetric semi-elliptic damper, consisting of fifteen sheets. All numerical studies were performed with two
CAD systems: the first one ANSYS, a “heavy” packages representative group, and the SolidWorks, which refers to the aver-
age complexity level packages. The results analysis suggests that the traditional nonlinearity model obtained from ANSYS
and SolidWorks give approximately the same results at the maximum point of 20,6 % differing from the field experiment
data. Using the proposed model, the difference is reduced up to 7,95 %
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Introduction. When nonlinear problems solving by finite elements method a significant problem
arises. The stiffness matrix depending onto the object displacement the solution obtained using the
finite element method (FEM), differs from the real value, and in some cases may even extend beyond
the task defining domain (Fig. 1). Therefore it is necessary to apply an iterative approach, gradually
increasing the external load from zero to a predetermined value, and stepwise counting the stiffness
matrix that simulates the object’s real load.

Literature review. Calculations of elastic-dissipative systems, taking into account the geometric
and physical nonlinearity are traditionally considered the FEM “weakest link”. An extensive research
was devoted to that issue. Many authors believe that the non-linearity models used presently, are simp-
ly unusable [1...3]. They give proofs with some simple test problems solved by other methods. A
comparison with the FEM calculations results shows the complete failure of the latter. And as it is
practically impossible to predict the results of non-linear calculation for complex systems their accura-
cy assessment is only possible with a certain degree of error. In this regard, the new non-linearity
models development with a comprehensive CAD test series on different elastic-dissipative systems is
of particular importance.

In contrast to the models and methods of contact interaction accounting varied (and sometimes
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F quite different) at different CAD systems, the geometric

nonlinearity accounting models and methods functionally
inherent to CAD, are practically identical. The differences
are due to the standard finite elements’ types, appropriate

%Fgmn to one or the other system and the number of methods used
— to implement the non-linearity algorithms.
The Aim of the Research therefore refers to con-
structing a mathematical model for the geometric nonline-
el Uele U arity accounting at FEM.
Displacement . Sy . .
Main Body. Considering the equation
Fig. 1. Difference between the real true and f(x)=0. (1)
the calculated solutions
We write down the generalized iteration formula used
to the solution as:
f;+l = fz + Af; ’
where f; — i-th approximate solution of the equation (1) or i -th iteration stage’s discrepancy.

So we search for a Af; satisfying the f;,, — 0, then
fi+Af; =0. 2)
FEM applied, the (2) get the form
K-i—F=0, )

where K — stiffness matrix;
u — points displacement vector;

F — external loads vector.
Then, introducing (3) at (2) and reaching the limit,

(K.ii, - F)+d(K,ii, - F,)=0,
or developing the differential,
+ K, dii, — dF, = 0. 4)
Therefore,
K, (ii, + dii,) = (F, + dF,) — dK, ii,.
The matrix dK, is functionally dependent onto displacement increase vector
dK, = dK ,(dii).
The product term dK i, can be transformed as follows:
dK,(dii)-ii, = dK,(ii) - dii, = K (if) - dii, .
Then the formula (4)
K.ii, — F, + K; (ii) - dii, + K, dii, — dF, =0,
where K* (u) — stiffness matrix at system reshaping.

Now we consider the rod finite element (Fig. 2, @) with its linear and angular displacements (Fig. 2, b).
Identifying members as shown at Fig. 2, we find the similarly positioned element at the conven-
tional model stiffness matrix as

(k), = (cos2 o+ ZLl“’Z;u”coscpsin2 ¢o—

-V,

v(’

. . EA
sin ¢(cos? ¢ —sin? (p))T,
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and at the proposed model stiffness matrix as

(k7), = (cos2 ¢+2

B . - ’ ) FEA
L ; “s cos @sin? (p-%SIH(P(COS2 @ —sin? (P)JT”L

+{sin2 (p—(u" ;ub sin@ + ®. ;(Pb jsin2@+%sin(pcos2(p}x

. 12EIGA
I(GAI? +12f.EI)

Let we consider formulation for the new model stiffness matrix elements (k;'), .

Mg
Y. N‘\M‘\ p+de
j Idl dve—dvy,
4 X, dus—duy | gy,
v 0 ]
8H Ve d(P

] I
¥ d Vb
y \

o
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() du,

Ue

Fig. 2. Rod finite element displacement

We are building the matrix K for a rod finite element (FE) (Fig. 2, a). As to other shapes’ ele-
ments there are no principally distinctive features, exempt for the differences in those FE proper ap-

pearance.
Main FEM equation:

K-i=F,

)

where # — vector of displacement within global coordinates and consisting of local displacements u;;

F — vector of load within global coordinates and consisting of load components f; ;

K — global stiffness matrix.
Matrix K — the principal component of equation (5), consisting of local stiffness matrixes &

for all the system’s FE

—CoS
—sin@
0

cos @

]|

sin @
0

k=ab'a’,
where a — matrix of force factors projections;
b — compliance matrix accounting the displacementa:

—sinp 0
cos 0

/ -1 —

: ; b=
sin @ 0
—cose O

0 1]

. 3f.EI
GAl>

Reciprocal compliance matrix

)
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3
3EI
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oy -
— 0 0
l
— 12E1 El
pb—1=]0 g Sy , (8)
& [?
0 12ET 4E1 T
L P I
where
Ja— 1 .
1+4c’
_I+c
l+4c’

Introducing (7) and (8) at (6), we get the local stiffness matrix

I k11 klz k13 _kn _k12 kl6

kl2 k22 k23 _k12 _k22 k23
k k

k13 k23 k33 M3 BRAX] k36 (9)

ol
Il

_kn _klz _k13 k
_k12 _kzz _kza kl2
L k16 k23 k36 _km _k23 k33 i

The matrix (9) elements are easily found using (6)...(8):

ki, =%c0s2(p+121#Hsin2 o,

ki, :(E_A—@H sinQcos®, ki =—6£Hsin(p, ke =—3£Hsin2(p ,
A I r
ke =¥(3H—2T) , Ky =121#Hcos2 (p+%sin2 0,

kys =%H005(p, kss =gT.

We shall define the local matrix differential (also easily calculated) with dk .
Now we consider the finite element displacements during one iteration stage (Fig. 2, b).

Element elongation
dl =(du, — duy)cos(p+do)+ (dv, —dv,)sin(p+do).
Transformation completed we remove the, second smallness order elements, differential factors
dl =—du, cos—dv, sin@+du,cos@+dv,sing, (10)
dcosq = (uo +du,)—(u, +du,) u,—u, _ (du, —du,)—dl(u, —u,) _
[+dl [ I(I+dl)
_(I+d)(du, —du,)—dl(u, +du, —u, —du,)
N I(1+dl) -

1 . .
= ;(due —du, — (—du, cos@—dv, sin ¢ + du, cos ¢ + dv, sin @) cos @),

or

1 . . . .
dcosqp= ;(—du,, sin? @ + dv, sin pcos @ + du, sin? @ — dv, sincos Q) . (11)

By analogy
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(v +dv)=(v, +dv,) v.—w =%(dve _dv, - dlsing) =

dsino =
S I+dl I

(12)

= ;(dub sinpcos @ — dv, cos? @ — du, sinpcos @ + dv, cos? ).

The equations (10)...(12) can be written down as matrixes

dl —[cos@ —Isin@ 0 [coso Ising 0

1 . . . . _
d cos @ =7 —sin? ¢ sinpcosp 0 sin? @ —sinpcoso 0 |-du,
dsing sin pcos @ —cos? @ 0 —sin@cos@ cos? @ 0

where du =[du,,dv,,do,,du,,dv,,do,]7 — vector of displacements’ increments.

Writing the dk with partial derivatives:
dk dk dk dk

dik = zﬁdui = —duy, +—dv, + —du, +—dv, .
7 Ou; ou, ov, u, ov,
Therefore, with the account of the agreed notations for matrix’s dk partial derivatives by dis-
placements
. 2 , 2 )
—2sinQ -k, Mk12 —Ccos Q- ki, 2sinQ -k, Lo (Pklz —Cos Q- ki
0s @ cos @
2 . 1 2 2 . .
= (pklz 2sing-k;, mkw -2 (pklz —2sinQ -k, sing-ki;
cos sin cos
— 1+ cos? 1+ cos?
Ok 1| cos@-ki .—(pkn =21 -ky —Cos Q- ki _.—(pkw —L -k
- == sin @ smao >
Ouy 1 cos2 cos?2
2sing-k, - (pklz —CcosQ- ki, -2sin -k, (pklz cos Q- kg
cos @ cos @
cos2¢ . 1+cos?o cos2¢ . .
- kp  =2sin@ -k, ————h; ki, 2sing-ky, —sinQ -k,
cos @ sin cos
| —Cos Q- kg sinQ -k, —1-ky, cosQ - ki —sinQ -k, 0 |
_ - _
2cos¢ -k, _CO.S 20 ki _Mkm —2¢08 ¢ ki, Mklz CoS P -kyy
sinQ sin@ sin
— CO.S 2¢ ki, —2cos@-k, —Ccos Q- ki CO.S 20 ky, 2cos@-k;,  cosQ-ky
sin sin@
_ ) )
ok 1 _Mklz —COS Q- ki 21 ki mkw CoS Q- ki [k
== sin@ sin @ )
ov, [ 5 Lt sin? 5
—2¢08 @ -k, CO.S (pklz Mkw 2c08Q ki, _CO.S (pklz —CoSP-ky,
sin @ sin @ sin @
2 2
CO.S (Pku 2¢cosQ -k, cos Q- ki, —CO,S (pklz -2cos@-k,, —cosQ-ky
sin @ sin @
COSQ-ky; cosQ-ky, [k —cosQ-ky; —cosQ-ki 0 ]
ok _ ok ok _ ok dk _, ok
ou, ou, ©oOv, v, o9, 09,

The product dk,i, for a finite element
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dii = dub%ﬁ +dvb%a vau, g +dv)§—kﬁ.

e e

u, ov, ou, A

e e

This sum can be written down in other way, factoring out in parentheses the vector’s # elements,

. . ok
at that the first member matrix shall be composed of first columns selected from matrixes — and
U

ok :
——, the second member matrix — of second columns etc.
b

Results. In quality of an object to compare the numerical studies results obtained with different
models against the experimental results, we selected an UAZ automobile spring, representing a sym-
metric semi-elliptic damper, that consisting of fifteen plates.

All numerical studies were performed with two CAD systems. Developed are the computer-aided
design packages, purposed to enhance the capabilities of existing CAD systems. For the study reasons
selected were the CAD ANSYS [4], representative the “heavy” packages group, and the CAD Solid-
Works [5], which refers to the average level.

When ANSYS used to develop package applied was the APDL language, specifically designed
by ANSYS developers for software extensions. In SolidWorks for the same reason used the macro-
scenarios allowing an automatic operations’ starting.

At the first stage of computer experiments we used the geometric nonlinearity models incorpo-
rated by the developers into ANSYS and SolidWorks systems. The main results comparison criterion
here was the normal stresses’ values that determine the system strength. These stresses are evaluated
for ten points uniformly distributed lengthwise the springs. At the second stage we used the proposed
nonlinearity model.

Fig. 3 and Fig. 4 show the charts of stresses variation in the springs, built using results calcula-
tions with two CADs for different models and identified in the process of full-scale experiment.
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Fig. 3. Geometric nonlinearity conventional model: Fig. 4. Geometric nonlinearity new elaborated model.:
1 — experimental, 2 — ANSYS, 3 — SolidWorks 1 — experimental, 2 — ANSYS, 3 — SolidWorks

Conclusions. The obtained results analysis allows concluding that the traditional nonlinearity
model obtained from ANSYS and SolidWorks give approximately the same results at the maximum
point of 20,6 % differing from the field experiment data. Using the proposed model, the difference is
reduced up to 7,95 %
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