
 
 
 
 

Вестник НТУ "ХПИ", 2016, № 21 (1193)  
 

 74 

UDC 004.942 DOI: 10.20998/2411-0558.2016.21.08 
V.D. PAVLENKO, dr. of techn. sciences, professor, ONPU, Odessa, 
O.O. FOMIN, Cand. Tech. Sci., ONPU, Odessa, 
A.N. FEDOROVA, MSC, ONPU, Odessa, 
M.M. DOMBROVSKYI, PhD student, ONPU, Odessa 

IDENTIFICATION OF HUMAN EYE-MOTOR SYSTEM BASE 
ON VOLTERRA MODEL 
A new method of constructing nonparametric dynamic model of the human oculomotor 
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Statement of the problem. Control technology based on tracing eye 
movements (eye-tracking) are starting to get more and more widespread [1, 2]. 
Traditional areas of implementation such decisions – is a medical 
(ophthalmology) diagnostics and vision correction [3, 4], building interfaces in 
information systems, control of complex technical objects, the process of 
physical training in the sport, etc. Increased interest in such innovation 
technologies experiencing today and commercial sector. 

However, most systems based on technology eye-tracking, for the 
successful operation require new methods of mathematical description of 
human eye-motor system (EMS) and special equipment for experimental 
research [5–7]. 

For successful solution problems of management, control and 
diagnostics of technical and medical applications need to have effective 
methods for identifying human EMS. Without having adequate mathematical 
model of EMS, taking into account the individual human properties, it is 
impossible to create modern applications with an expanded set of personalized 
features, such as medical and athletic trainers, authorized access to data, 
testing of human-machine systems, and more. Increase of the control objects 
complexity while maintaining the dynamic properties of systems, increased 
requirements for accuracy and objectivity of decisions leads to the problem of 
the development of new intelligent computing systems. These systems will 
ensure required characteristics and automate the monitoring process for 
objects of different physical nature. Modern diagnostic systems include both 
new mathematical techniques and modern resources of intelligent computing 

©  V.D. Pavlenko, O.O. Fomin, A.N. Fedorova, M.M. Dombrovskyi, 2016 
 



 
 
 
 

Вестник НТУ "ХПИ", 2016, № 21 (1193)  
 

 75 

[1, 2]. 
The paper considers the traditional approach of tracking the rotation 

angles of the pupil’s eye (horizontal and vertical) using video registration. 
This involves using video cameras to obtain images of the pupil in the 
dynamics at regular intervals, which would be clearly fixed position pupil’s 
eye when it moves [1]. 

By means of digital processing and analysis of the sequence of frames 
static im-ages and recognition the pupil position are restored to the 
coordinate’s position pupil on the plane, namely, the values of the horizontal 
and vertical rotation angles of eye relative to the start position [2]. 

Significant disadvantage existing hardware, implementing this 
technology is fundamental impossibility of measuring dynamic and nonlinear 
characteristics of EMS, without that knowledge it’s impossible to build an 
effective management system. 

For elimination this disadvantage, the traditional structure of tracking 
system pupil’s behavior using video recording in this work was further 
developed, which allowed not only perform static measuring the pupil’s eye 
position, but also determining the dynamic characteristics of human visual 
system by the experimental observations "input-output" (identification 
problem) [8, 9]. 

Effectiveness of using modern methods of identification largely depends 
on the adequacy of mathematical models of real objects. As an information 
model of and natural objects considered as a "black box" used integral power 
Volterra series [10, 11] which in a compact form is characterized by nonlinear 
and inertial properties of the investigated object. 

The purpose and research problems. The purpose of work is 
development method for constructing nonparametric dynamic model of eye-
motor system, taking into account its inertial and nonlinear properties, based 
on experimental studies of "input-output" and also computational tools and 
software for the information technology processing experimental data. 

To achieve this goal were set this following tasks: 
– development methods for constructing nonlinear dynamic model of 

EMS as a Volterra kernels which characterizing both nonlinear and inertial 
properties of the nature objects; 

– development information technology of obtaining experimental data 
for identification EMS based on pupil’s movement tracking using video 
registration; 

– development computational methods of identification 
multidimensional dynamic (transient) characteristics EMS using test inputs as 
a Heaviside functions of different amplitudes; 

– verification constructed model EMS. 



 
 
 
 

Вестник НТУ "ХПИ", 2016, № 21 (1193)  
 

 76 

The Volterra model. Basis for creation of mathematical (informational) 
model of investigated object are the results of measurements of its input and 
output variables, and the solution of the problem associated with the 
identification of the experimental data and process them with the noise 
measurements. 

To describe the objects of unknown structure appropriate to use the most 
universal nonlinear nonparametric dynamic models – Volterra model [10, 11]. 
The nonlinear and dynamic properties investigated object is uniquely 
described by a sequence of invariant with respect to the type of input signal is 
of multidimensional weight functions – Volterra kernels. 

For continuous nonlinear dynamical system connection between the 
input x(t) and output y(t) signals with zero initial conditions can be represented 
by a series of Volterra 
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where wn(τ1,...,τn) – Volterra kernel n-th order, function is symmetric with 
respect to real variables τ1,…,τn; yn(t) – the n-th partial component of  
response system (n-dimensional convolution integral); t – current time. 

For nonlinear dynamical system multiple-input and multiple-output used 
multivariate Volterra series, which has the form: 
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where yj(t) – system response for the j-th output at the current time t for zero 
initial conditions; )τ,...,τ( 1...21 n

j
iii n

w  – Volterra kernel n-th order in i1,i2, ...,in 

inputs and j-th output (j = 1, 2, …, µ), the functions symmetric with respect to 
real variables τ1, …, τn ; x1(t), ..., xν(t) – input signals; ν, µ – quantity of inputs 
and outputs, respectively. 

In the context the problem stated above – identification EMS – need to 
use the model (2) for the mathematical description of the object [8]: two pair 
rectus muscles (input object) provide eye movement up and down, left and 
right, and various combinations (fig. 1); measured responses – the coordinates 
u(t) and v(t) current position the pupil relative to the initial position u0 and v0 
(the outputs of the object). In this case in model (2) adopting ν = 2 and µ = 2. 
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Figure 1. Direct eye muscles 
 

In this paper to simplify the experiment and data identification, problem 
solved for the case horizontal pupil’s movement (ν=1 and µ=1), i.e. based on 
the model (1). 

Problem identification (model constructing) as (1) or (2) consist to 
determine the Volterra kernels based on experimental data "input-output" 
EMS. Construction of the model is the selection of test actions x(t) and 
development of algorithm, which enables for the measured response y(t) 
allocate partial components yn(t) and determined on the basis of their Volterra 
kernels wn(τ1, ...,τn), n = 1, 2, … [12]. 

Computing method of multidimensional transient functions for 
identification EMS. Taking into account specificity investigated object to 
identification used test multistage signals. If test signal x(t) represents an 
identity function (Heaviside function) – θ(t), the result of identification the 
transition function of the first order )(1 th

)
 and the diagonal section n-th 

order ),...,( tthn
)

. 
To determine the sections subdiagonal transition functions n–th order 

(n ≥ 2) EMS tested using the n step test signal with given amplitude and 
different intervals between signals. With appropriate processing responses get 
subdiagonal section n-dimensional transition functions hn(t-τ1,…, t-τn), which 
represent n-dimensional integral of Volterra kernel n-order wn(τ1,…, τ n): 
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Method for determination sections of n-dimensional transition functions 
based on the statement, proof of which is similar to that given in [15]. 

Statement. Let the test effect  represents the sum of k (k = 1, 2, …, n) 
step signals )τ(θ)( ii tatx −=  (i  = 1, 2, …, k), with a time shift t on τ1, ..., τk, 
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then, for EMS with a single-input and single-output assessment section of the 
transient response of n-th order: 

 ∑
=

∑
−

−
=−− =

1

0δ,...,δ
1

δ

1
1

1 )δ,...,δ,()1(
!

)1()τ,...,τ(
n

n

i
i

nn

n

nn ty
an

tth
)

,  (4) 

where )δ,...,δ,( 1 nn ty  – response EMS, measured in time t, under the action at 
her multistage signal with amplitude a, аnd if 1δ =i  (i = 1 ,2, …, n), then test 
action comprises a stepped shift signal for τi, otherwise, with 0δ =i  – it does 
not contain. 

For example, to determine transient function second order, first EMS 
tested stepped signals with a time shift for τ1 and τ2 

 )τ(θ)( 11 −= tatx  и )()( 22 τ−θ= tatx ,  (5) 

measured appropriate responses y10(t) = y(t,1,0) and y01(t) = y(t,0,1), 
respectively. Then, applied to the input EMS two-stage signal 

 )()()( 21 τ−θ+τ−θ= tatatx ,  (6) 

and from the resulting response y11(t) = y(t,1,1) deducted responses to single 
step signals 
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With fixed values τ1 and τ2 assessment of the transient response second 
order ),( 212 τ−τ− tth

)
 is a function of the variable t – section of the surface 

),( 212 tth
)

 plane, passing at an angle of 45 degrees to the axes t1 and t2 and 
were shifted in axis t1 by the amount 210 τ−τ=τ . Changing value τ0, get 

different section ),( 02 τ−tth
)

, on which you can restore all surface ),( 212 tth
)

. 

With τ1 = τ2 = 0, get the diagonal section ),(2 tth
)

. 

Information technology of obtaining experimental data for the EMS 
identification. The experiment was implemented with the help of the 
proposed system for tracking the behaviour of the pupil based on video 
recording is performed in the following sequence. 

1. Head of the observed person is located in front of the recording device 
(camera) at the known distance. 
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2. On fixed intervals, the display shows a graphic test signal in the form 
of a bright spot (light spot). At the same time turn on video camera to record 
eye movement from the initial position to a position determined by the light 
spot (test signal). 

3. After passing a series test signals an experiment is terminated. File 
with video recording of pupil’s movement is stored .in memory of the 
measuring system. 

4. After finishing experiment, start the application, that realizing 
intelligent object detection algorithm (pupil) in the captured video. Plotted 
graph of changing position pupil of an input in the form of the test signal from 
the display (experiment "input-output"). 

5. Obtained data stored in the database and displays. 
Software tools identification EMS. Developed software tools that 

perform automatic image recognition sites (pupil) in the sequence of frames of 
video recording and calculating coordinates. An important feature of this 
information technology is demanding of hardware. The experiment can be 
performed using a mobile phone equipped with a front-facing camera with a 
resolution of 5 Mpx, frequency of at least 30 frames per second and a 
processor with a clock speed of 1800 MHz for data processing (any modern 
smart phones). 

In developing the software used the following information technologies: 
operating system for smartphones and tablet computers - Android 4; Library 
algorithms, computer vision, image processing and numerical algorithms for 
general purpose Open Source – library OpenCV (Open Source Computer 
Vision Library), which is ready to implementation under most existing 
operating systems (Android, Windows, Linux, iOS); graphics library Android 
open source – MPAndroidChart; Haar cascade and artificial neural network; 
programming language Java. 

Training Haar detector. The main advantage of the detector of the Haar 
– speed. Thanks to the fast image processing, it becomes possible to process 
streaming video. Detector Haar implemented in the library OpenCV. The 
classifier is formed on the primitives of Haar by computing the characteristic 
values. For learning to the input of the first classifier is a set of "correct" 
images with pre-selected region of the image. Next, you iterate through 
entities and the calculation of the characteristic value. The computed values 
are saved in a file in format XML. 

To search for the object in the image method of Viola-Jones. The method 
of Viola-Jones put: the integral image representation for the Haar features, 
building a classifier based on the adaptive busting algorithm and method for 
combining classifiers in a cascade structure. This allows you to search for the 
object in the image in real-time. 
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Results of identification – EMS transient function. Approbation 
tracking technology of the pupil’s behavior based on video registration is 
performed on the task of analysis of work the oculomotor apparatus along the 
horizontal axis. 

Where in the input (test) signal - distance from the base of the 
perpendicular, dropped from the center of pupil eye to the plane, in which is 
formed the perturbation – the light source to the point source (light spots) in 
the horizontal plane. Measure the response (the output) is a function of the 
current deviation of pupil in the frame image of the EMS from the starting 
point, depending on the time. 

To determine the diagonal section of the transient response second order 
object is tested at first step signal with an amplitude of the a (horizontal 
distance to light spot from the starting point, represents the original position 
the pupil) 

 )(θ)(1 tatx =   (9) 

and measured an appropriate response )(1 ty . Then, with zero initial conditions 
applied to the input signal from the object with doubled amplitude a 

 )(θ2)(2 tatx = ,  (10) 

and from thus obtained response )(2 ty  deducted doubled response )(1 ty . After 
normalization of this difference, we obtain 
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To determine the of the transient response of the first order, we obtain 
the expression 
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Measured response of the eye y1(t) and y2(t) to the input test signals 
)(θ ta  and )(θ2 ta  shown in Fig.2, respectively. 

Obtained graphs of EMS transient functions first )(1 th
)

 and second order 
),(2 tth

)
 shown in Fig. 3 and 4, respectively. 

Comparing response of the constructed model 

 ),(ˆ2)(ˆ)(ˆ 2
2

1 tthathaty +=   (13) 

with experimental data – response of object identification y(t) – shown in 
fig. 5. 
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Figure 2. Object responses y1(t), y2(t) 

Figure 3. Transient functions first order )(1 th
)

 

 
Figure 4. Transient functions second order ),(2 tth
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Figure 5. Comparison responses of the object y(t) and model )(ˆ ty  
 
Provided graphs are practically the same (standard deviation σ = 0,31) 

which confirms effectiveness computational algorithm of identification and 
adequacy of the constructed model based on experimental data "input-output". 

Conclusions. Proposed the method for constructing nonparametric 
dynamic models of human EMS taking into account its inertia and nonlinear 
properties based on the experimental data "input-output".  

Has been further developed technology tracking the pupil’s behavior 
with help of video recording that has allowed to determine eye’s dynamic 
characteristics. 

Proposed technology of tracking pupil’s behavior does not need special 
equipment and laboratory experimental conditions and accessible for 
widespread use. Important feature of the technology is undemanding to the 
hardware, which opens up the possibility of its use in the modern mobile 
devices. 

Verification of the developed model showed adequacy her under the 
investigation object – virtually identical (within acceptable error) responses of 
the object and model at the same impact test. 

Obtained results identification of human’s oculomotor system will be 
used in diagnostic tests as a source of primary data based on information 
technology, presented in [13, 14]. 
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Пропонується новий метод побудови непараметричної динамічної моделі 
окорухової системи людини на основі даних експерименту "вхід-вихід". При 
цьому враховуються нелінійні і інерційні властивості прямих м'язів ока. 
Розроблено технологію відстеження руху ока на основі відеозапису. Це 
дозволило визначити динамічні характеристики окорухової системи у вигляді 
перехідних функцій першого і другого порядків – інтегральних перетворень 
ядер Вольтерра. Бібліогр.: 13 назв. 
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Предлагается новый метод построения непараметрической динамической 
модели глазодвигательной системы человека на основе данных эксперимента 
"вход-выход". При этом учитываются нелинейные и инерционные свойства 
прямых мышц глаза. Разработана технология отслеживания движения глаза на 
основе видеозаписи. Это позволило определить динамические характеристики 
глазодвигательной системы в виде переходных функций первого и второго 
порядков – интегральных преобразований ядер Вольтерра. Библиогр.: 13 назв. 
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